Abstract. We show that every scheme (resp. algebraic space, resp. algebraic stack) which is quasi-compact with quasi-finite diagonal can be approximated by a noetherian scheme (resp. algebraic space, resp. stack). More generally, we show that any stack which isétale-locally a global quotient stack can be approximated. Examples of applications are generalizations of Chevalley's, Serre's and Zariski's theorems and Chow's lemma. We also show that every quasi-compact algebraic stack with quasi-finite diagonal has a finite generically flat cover by a scheme.
Introduction
Let A be a commutative ring and let M be an A-module. Then A is the direct limit of its subrings which are finitely generated as Z-algebras and M is the direct limit of its finitely generated A-submodules. Thus any affine scheme X is an inverse limit of affine schemes of finite type over Spec(Z) and every quasi-coherent sheaf on X is a direct limit of quasi-coherent sheaves of finite type. The purpose of this article is to give similar approximation results for schemes, algebraic spaces and stacks.
We say that an algebraic stack X is of global type ifétale-locally X is a global quotient stack, cf. Section 2 for a precise definition. Examples of stacks of global type are quasi-compact and quasi-separated schemes, algebraic spaces, Deligne-Mumford stacks and algebraic stacks with quasi-finite and locally separated diagonals. For technical reasons we also introduce the slightly more general class of stacks of approximation type, cf. Section 2.
The main result of this paper, Theorem D, is that any stack of approximation type can be approximated by a noetherian stack. More generally, if X → S is a morphism of stacks of approximation type, then X is an inverse limit of finitely presented stacks over S.
The primary application of the approximation theorem is the elimination of noetherian and excellent hypotheses. When eliminating noetherian hypotheses in statements about finitely presented morphisms X → Y which are local on Y the basic affine approximation result referred to in the beginning is sufficient, cf. the standard limit results in [EGA IV , §8] and Appendix B. For global problems, it is crucial to have Theorem D. Examples of such applications, including generalizations of Chevalley's, Serre's and Zariski's theorems and Chow's lemma, are given in Section 8. Although this paper is written with stacks in mind, most of the applications in §8 are new also when applied to schemes and algebraic spaces. We also answer a question by Grothendieck [EGA IV , Rem. 18.12.9] on integral morphisms affirmatively, cf. Theorem (8.5).
We now state the main results of this paper:
Theorem A (Completeness). Every stack of approximation type (e.g., of global type) is pseudo-noetherian, cf. Section 4. Loosely speaking, a stack X is pseudo-noetherian if every quasi-coherent sheaf on X is a direct limit of finitely presented sheaves. Every noetherian stack is pseudo-noetherian. In the category of schemes Theorem A is wellknown [EGA I , §6.9] and Raynaud and Gruson has given a slightly weaker result for algebraic spaces [RG71, Prop. 5.7.8].
Theorem B (Finite coverings). Let X be a quasi-compact stack with quasifinite and separated diagonal (resp. a quasi-compact Deligne-Mumford stack with separated diagonal). Then there exists a scheme Z and a finite, finitely presented and surjective morphism Z → X which is flat (resp.étale) over a dense quasi-compact open subset U ⊆ X.
When X is a noetherian Deligne-Mumford stack Theorem B is due to G. Laumon and L. Moret-Bailly [LMB00, Thm. 16.6]. When X is of finite type over a noetherian scheme, the existence of a scheme Z and a finite and surjective morphism Z → X (without generic flatness) was shown by D. Theorem C (Approximation of properties). Let S be a quasi-compact algebraic stack and let {X λ → S} be an inverse system of finitely presented S-stacks with affine bounding maps X µ → X λ and limit X. Let P be one of the properties:
(i) affine, (ii) quasi-affine, (iii) representable, (iv) separated, (v) locally separated, (vi) separated diagonal, (vii) locally separated diagonal, (viii) unramified diagonal (i.e., relatively Deligne-Mumford), (ix) quasi-finite diagonal, (x) affine diagonal, (xi) quasi-affine diagonal, (xii) finite inertia, (xiii) abelian inertia (i.e., stabilizer groups are abelian), (xiv) tame inertia (i.e., stabilizer groups are finite and linearly reductive).
Then X → S has property P if and only if there exists an index α such that X λ → S has property P for every λ ≥ α. If in addition the bounding maps X µ → X λ are closed immersions (which implies that X → S is of finite type), the same conclusion holds if P is one of the properties:
(xv) monomorphism (of finite type), (xvi) unramified, (xvii) quasi-finite, (xviii) finite, (xix) closed immersion, (xx) immersion, (xxi) proper with finite diagonal.
Theorem D (Approximation). Let S be a pseudo-noetherian algebraic stack and let X → S be a morphism of approximation type (these assumptions are satisfied if X and S are of global type). Then there exists a finitely presented morphism X 0 → S and an affine S-morphism X → X 0 . Moreover, X → X 0 → S can be chosen such that: (a) If X → S is of finite type, then X → X 0 is a closed immersion.
(b) If X → S has one of the properties (i)-(xxi) of Theorem C or the property "integral", then so have X 0 → S and X → X 0 . (c) Assume that S is of approximation type. If X → Spec(Z) has one of the properties (i)-(xiv) of Theorem C then so has X 0 → Spec(Z). If X is a scheme then so is X 0 . Finally, X can be written as an inverse limit lim ← −λ X λ of finitely presented S-stacks with affine bounding maps such that for every λ, the factorization X → X λ → S satisfies (a)-(c) with X 0 = X λ .
When X and S are schemes, parts of Theorems C and D have been shown by R. W. Thomason There are also some approximation results for group schemes. If G is a quasi-compact group over a field, then D. Perrin has shown that G is an inverse limit of groups of finite type [Per76] .
Overview. We begin with some conventions on stacks in Section 1. In Section 2 we define stacks of global type and stacks of approximation type and show that every quasi-compact algebraic stack with quasi-finite and locally separated diagonal is of global type. In Section 3 we briefly outline theétale devissage method of [Ryd10a] . In Sections 4 and 5 we prove Theorems A and B. In Section 6 we prove Theorem C which is essentially independent of Theorems A and B. In Section 7 we prove Theorem D. We conclude with numerous applications of the main theorems in Section 8.
In the appendices we extend the standard results [EGA IV , §8-9] on limits and constructible properties from schemes to stacks. 
Stack conventions
We follow the conventions in [LMB00] except that we do not require that the diagonal of an algebraic stack is separated. We only require that an algebraic stack is quasi-separated, i.e., that the diagonal is quasi-compact and quasi-separated. Nevertheless, we will often point out when this assumption is crucial by writing "quasi-separated algebraic stack". If Y is a quasi-compact (and quasi-separated) algebraic stack, then X → Y is quasicompact if and only if X is so. In particular, an open substack U ⊆ Y is quasi-compact if and only if the morphism U → Y is quasi-compact.
(1.1) A presentation of a stack X is an algebraic space X ′ and a faithfully flat morphism X ′ → X locally of finite presentation. A morphism f : X → Y of stacks is representable (resp. strongly representable) if X × Y Y ′ is an algebraic space (resp. a scheme) for every scheme Y ′ and morphism Y ′ → Y . Note that the property of being representable is fppf-local on the target. Indeed, a morphism is representable if and only if its diagonal is a monomorphism. This is not the case for the property of being strongly representable. A morphism X → S of stacks is locally separated if the diagonal ∆ X/S is an immersion. In particular, every locally separated morphism is representable.
An algebraic stack X is Deligne-Mumford if there exists anétale presentation of X, or equivalently, if the diagonal is unramified [LMB00, Thm. 8.1] (the assumption that the diagonal is separated is not used in the proof).
An algebraic stack is noetherian if it is quasi-compact and quasi-separated and admits a noetherian presentation.
(1.2) Unramified andétale -For the definition and general properties of unramified andétale morphisms of stacks we refer to [Ryd09, App. B]. In particular, by an unramified morphism we mean a formally unramified morphism which is locally of finite type (not necessarily of finite presentation). Anétale morphism is a formallyétale morphism which is locally of finite presentation. A morphism is unramified if and only if it is locally of finite type and its diagonal isétale. A morphism isétale if and only if it is locally of finite presentation, unramified and flat. We do not require that unramified andétale morphisms are representable.
(1.3) Quasi-finite -A morphism f : X → Y of stacks is quasi-finite if f is of finite type, every fiber of f is discrete and every fiber of the diagonal ∆ f is discrete. Equivalently, f is quasi-finite if and only if f is of finite type, every fiber of f is zero-dimensional and every fiber of the diagonal of f is zero-dimensional. The diagonal of a quasi-finite (and quasi-separated) morphism is quasi-finite.
Given a morphism f : X → Y of algebraic stacks, we say that h • g :
The inertia stack of a morphism f : X → Y of algebraic stacks is the algebraic stack I X/Y := X × X× Y X X. It comes with a representable morphism I f : I X/Y → X and a section X → I X/Y . We say that f has finite (etc.) inertia if I f is finite (etc.).
All inverse systems are filtered and all maps in inverse systems are affine.
Stacks of global type and approximation type
In this section we define stacks of global type and show that every quasicompact stack with quasi-finite and locally separated diagonal is a stack of global type. We also define stacks of approximation type which is a natural class of stacks for our purposes. Every stack of global type and every stack of finite presentation over a scheme is of approximation type. The main advantage of the class of approximation type is that there is a well-behaved notion of morphisms of approximation type.
Definition (2.1).
A stack X is a global quotient stack if X = [V /GL n ] for some quasi-affine scheme V and integer n. An algebraic stack X is of global type if there exists a representable,étale, finitely presented and surjective morphism p : X ′ → X such that X ′ is a global quotient stack.
Remark (2.2). Let X be a stack of global type. Then X is quasi-compact, quasi-separated and ∆ X is locally separated with affine fibers, cf. [Ryd10a, App. A]. Note that there exist stacks of global type with non-separated diagonals, e.g., every quasi-compact and quasi-separated Deligne-Mumford stack is of global type. Conversely, it is possible that every quasi-compact and quasi-separated stack with locally separated diagonal and affine stabilizers, e.g., every stack with quasi-affine diagonal, is of global type.
B. Totaro has shown that a normal noetherian stack is a global quotient stack if and only if it has the resolution property [Tot04] . By recent work of P. Gross, this also holds for non-normal noetherian stacks [Gro10] . Thus a noetherian stack X is of global type if and only if the resolution property holdsétale-locally on X.
Remark (2.3). Let G be an affine smooth group scheme over Spec(Z) with connected fibers, e.g., G = GL n,Z . If X is a normal noetherian scheme with an action of G, then [X/G] is of global type. Indeed, if X is quasiprojective, then [X/G] has the resolution property by [Tot04, Thm. 2.1 (2)] and a result of Sumihiro [Sum75, Thm. 3.8] states that there exists a Zariski
Proposition (2.4). Let X be an algebraic stack with a finite flat presentation p : U → X such that U is quasi-affine. Then X is a global quotient stack.
Proof. Let L = p * O V which is a locally free sheaf of finite rank. Let x : Spec(k) → X be a point and let G x be the stabilizer group scheme of x. The stabilizer group scheme acts on the k-vector space L x and this coaction is faithful since the stabilizer action on the subscheme V x ֒→ V(L x ) is free. Replacing L with the direct sum of L and a free sheaf, we can further assume that L is of constant rank r.
be the frame bundle of L. The morphism Z → X is a GL r,Z -torsor and Z is an algebraic space since the action of G x on the fiber Z x is free. Since Z → X is affine, we have that Z × X V is quasi-affine. As Z × X V → Z is a finite flat presentation, we have that Z is quasi-affine as well by [Ryd10a, Lem. C.1]. Thus X = [Z/GL r ] is of global type.
Corollary (2.5). Every quasi-compact algebraic stack with quasi-finite and locally separated diagonal is of global type.
Proof. Let X be a stack with quasi-finite and locally separated diagonal. By [Ryd10a, Thm. 7.2], there exists a representableétale surjective morphism X ′ → X of finite presentation and a finite flat presentation V → X ′ with V quasi-affine. As X ′ is a global quotient stack, we have by definition that X is of global type.
Definition (2.6). We say that a morphism f : X → Y of algebraic stacks is of strict approximation type if f can be written as a composition of affine morphisms and finitely presented morphisms. We say that f is of approximation type if there exists a surjective representable and finitely presentedétale morphism p : X ′ → X such that f •p is of strict approximation type. We say that an algebraic stack X is of (strict) approximation type if X → Spec(Z) is of (strict) approximation type.
We begin with the usual sorites of morphisms of (strict) approximation type.
Proposition (2.7). -(i) Finitely presented morphisms and quasi-affine morphisms are of strict approximation type. (ii) A morphism of approximation type is quasi-compact and quasiseparated. (iii) Global quotient stacks are of strict approximation type. Stacks of global type, e.g., quasi-compact and quasi-separated Deligne-Mumford stacks, are of approximation type.
(vi) If f 1 : X 1 → Y 1 and f 2 : X 2 → Y 2 are of (strict) approximation type then so is f 1 × f 2 . (vii) If f : X → Y and g : Y → Z are morphisms such that g • f and ∆ g are of (strict) approximation type, then so is f . (viii) If f : X → Y is of (strict) approximation type, then so is ∆ f : X → X × Y X. In particular, morphisms between stacks of global type are of approximation type.
Proof. (i), (ii), (iv), (v) and (vi) are obvious and (vii) follows from a standard argument.
(iii) Let X = [V /GL n ] with V quasi-affine. Then there is an induced quasi-affine morphisms X → BGL n so that X is of strict approximation type.
(
is a composition of affine morphisms and finitely presented morphisms then so is ∆ f since ∆ f is a composition of pullbacks of the ∆ f i 's. If p : X ′ → X is a surjective representable and finitely presentedétale morphism such that f • p is of strict approximation type. 
(ii) Let p : X ′ → X be finite and faithfully flat of finite presentation and assume that X is quasi-compact. If f •p is of (strict) approximation type, then so is f .
Proof. (i) We will make use of the Weil restriction of stacks along g [Ryd10b, §3] . Recall that the Weil restriction is a 2-functor
If h is affine (resp. of finite presentation, resp.étale and surjective, resp. representable, resp. a monomorphism) then so is R g (h). In particular, if f ′ is of (strict) approximation type then so is
As R g is the right adjoint to the pull-back functor g −1 : Stack /Y → Stack /Y ′ we have unit and counit maps
It is thus enough to show that η is of (strict) approximation type. Since R g (f ′ ) and f ′ are of (strict) approximation type, so are ǫ and η × Y id Y ′ . We further observe that if f is arbitrary (resp. representable, resp. a monomorphism) then so is ǫ and it follows that η is representable (resp. a monomorphism, resp. an isomorphism). We can thus replace f with η and g :
) and further assume that f is representable (resp. a monomorphism, resp. an isomorphism). Repeating the argument twice settles (i).
(ii) We will make use of the Hilbert stack of points [Ryd10b] . Since X is quasi-compact, and the fiber rank of p is locally constant, we can assume that p has constant rank d. This induces a morphism
is of finite presentation, we have that X ′ → Z is of (strict) approximation type and that X → Y is of (strict) approximation type by (i).
For our immediate purposes we only need Proposition (2.9) for finiteétale coverings. The proof can then be simplified by replacing the Weil restriction and the Hilbert stack with symmetric products and BS d × Y . However, Proposition (2.9) together with [Ryd10a, Thm. 6.3] shows that in the definition of approximation type, we can essentially replaceétale with quasi-finite. To be precise, if f : X → Y is a morphism of algebraic stacks such that X is quasi-compact and quasi-separated, then f is of approximation type if and only if there exists a locally separated quasi-finite faithfully flat morphism p : X ′ → X of finite presentation such that f • p is of strict approximation type.
It should be noted that the only reason for insisting upon p being representable in Definitions (2.1) and (2.6) is that currently we only have a nicé etale devissage for representable morphisms. This is also the reason behind the local separatedness assumption in Corollary (2.5).
Questions (2.10). Is the notion of (strict) approximation type fppf-local on the target? Is every noetherian stack of approximation type? Is every quasi-compact and quasi-separated stack of approximation type? Is every quasi-compact stack with quasi-affine diagonal of global type? Definition (3.1). Let X be an algebraic stack and let Z ֒→ |X| be a closed subset. Anétale morphism p : X ′ → X is anétale neighborhood of Z if p| Z red is an isomorphism.
. Let X be an algebraic stack and let U ⊆ X be an open substack. Let f : X ′ → X be anétale neighborhood of X \ U and let
is an equivalence of categories.
. Let X be an algebraic stack and let j : U → X be an open immersion. Let p : X ′ → X be anétale neighborhood of X \ U and let j ′ : U ′ → X ′ be the pull-back of j. Then X is the push-out in the category of algebraic stacks of p| U and j ′ .
Theorem (3.4) ([Ryd10a, Thm. C]). Let X ′ be a quasi-compact and quasiseparated algebraic stack, let j ′ : U ′ → X ′ be a quasi-compact open immersion and let p U : U ′ → U be a finitely presentedétale morphism. Then the push-out X of j ′ and p U exists in the category of quasi-compact and quasiseparated algebraic stacks. The resulting co-cartesian diagram
is also cartesian, j is a quasi-compact open immersion and p is anétale and finitely presented neighborhood of X \ U .
. Let X be a quasi-compact and quasiseparated algebraic stack and let E be the category of finitely presentedétale morphisms Y → X. Let D ⊆ E be a full subcategory such that 
Note that the morphisms in E are not necessarily representable nor separated. In Theorem (3.4), even if X ′ and U have separated diagonals, the push-out X need not unless p U is representable. We are thus naturally led to include algebraic stacks with non-separated diagonals.
Approximation of modules and algebras
A stack X is pseudo-noetherian if X is quasi-compact and quasi-separated and for every finitely presented morphism X ′ → X and quasi-coherent O X ′ -module F ′ , we can write F ′ as a filtered direct limit of finitely presented O X ′ -modules. In this section we prove Theorem A, that is, that every stack of approximation type is pseudo-noetherian. It is known that noetherian stacks are pseudo-noetherian [LMB00, Prop. 15.4] but the non-noetherian case requires completely different methods.
(4.1) Let X be a quasi-compact and quasi-separated algebraic stack. Let C be one of the following categories.
(i) The category of quasi-coherent O X -modules.
(ii) The category of quasi-coherent O X -algebras.
(iii) The category of integral quasi-coherent O X -algebras. If U ⊆ X is an open subset we denote the corresponding category of O Umodules by C U . Consider the following statements:
Every object in C is the direct limit of its subobjects of finite type. (C2) Every object in C is a filtered direct limit of finitely presented objects in C. Presentation -Let F be an object in C of finite type.
(P1) There exists a finitely presented object P and a surjection P ։ F.
(P2) There is a filtered direct system of finitely presented objects in C with surjective bounding maps and limit F. Extension -Let U ⊆ X be a quasi-compact open subset.
(E1) If G ∈ C U is of finite type (resp. finite presentation), then there exists an object H ∈ C of finite type (resp. finite presentation) such that H| U = G. (E2) If F ∈ C is arbitrary and G ∈ C U is of finite type (resp. finite presentation), together with a homomorphism u : G → F| U , then there exists an object H ∈ C of finite type (resp. finite presentation) and a homomorphism v : H → F extending G and u. To be precise, there exists an isomorphism θ : H| U → G such that v| U = u • θ. Note that (C1) follows from (C2), that (P1) follows from (P2) and that (E1) is a special case of (E2) (take F = 0). Also, given F, G and u as in (E2), there is a universal extension v : H → F of u if we drop the condition that H is of finite type. Indeed, if j : U → X is the inclusion morphism, the universal solution is H = F × j * j * F j * G together with the projection onto the first factor. If C is the category of integral O X -algebras, the universal solution is the integral closure of O X in H (as a subring of H). If u is injective then so is v.
Definition (4.2).
Let X be a quasi-compact and quasi-separated stack. We say X has the completeness property if the six properties (C1), (C2), (P1), (P2), (E1) and (E2) hold for X and the categories of quasi-coherent O X -modules, O X -algebras and integral O X -algebras.
Note that if X has the completeness property, then so has U ⊆ X for any quasi-compact open subset. We introduce the auxiliary condition:
(C2*) For every object F ∈ C there is a filtered direct system of finitely presented objects F λ ∈ C and a surjection lim − →λ F λ ։ F.
Lemma (4.3). Let X be a quasi-compact and quasi-separated stack. Let C be one of the three categories in (4.1). Then the following conditions are equivalent (i) (C1) and (P1) hold for X and C.
(ii) (C2*) holds for X and C.
(iii) (C2) holds for X and C.
(iv) X has all six properties for C.
Moreover, if X has property (C2) for the category of quasi-coherent modules, then X has the completeness property.
Proof. Clearly (C2) =⇒ (C2*) =⇒ (C1)+(P1) (to see the second implication, pass to a presentation of X by an affine scheme). As we noted above (E1) is a special case of (E2). We will show three other implications from which the first part of the lemma follows.
(C1)+(P1) =⇒ (P2): Let F be of finite type and let P ։ F be a surjection with P finitely presented. Let K ⊆ P be the kernel. Then K is the limit of its submodules (or subideals) K λ of finite type and it follows that F = lim − → P/K λ is a limit of finitely presented objects. (C1)+(P1) =⇒ (C2): Let F be a quasi-coherent sheaf. Then F = lim − →λ∈L F λ where F λ is of finite type. Let P λ be a finitely presented object with a surjection onto F λ . For a finite subset J ⊆ L we let P J be the coproduct of {P λ } λ∈J in C and let K J be the kernel of the induced homomorphism P J → F. Consider the set of pairs α = (J, R J ) where J ⊆ L is a finite subset and R J ⊆ K J is a submodule (or subideal) of finite type. Then F = lim − →α P J /R J is a filtered direct limit of finitely presented objects (cf. proof of [EGA I , Cor. 6.9.12]).
(C1)+(P1) =⇒ (E2): Let G be a quasi-coherent sheaf on U of finite type (resp. of finite presentation) and let u : G → F| U be a homomorphism as in (E2). Let v : H → F be the universal extension. Then as G = H| U is of finite type, it follows from (C1) that there exists a subsheaf H ′ ⊆ H of finite type which restricts to G. If G is finitely presented, write H ′ = P/K with P of finite presentation. Then K| U is of finite type and hence by (C1) there exists a submodule (or subideal) K ′ ⊆ K of finite type which restricts to
To prove the last statement, assume that X has property (C2) for the category of quasi-coherent sheaves of modules. Let A be a sheaf of algebras on X. Considering A as an O X -module, we can then write A = lim − →λ F λ as a filtered direct limit of finitely presented modules. If we then let A λ be the symmetric product of F λ , we have a surjection lim − →λ A λ ։ A as in (C2*). This settles the completeness property for the category of algebras.
If A is an integral algebra, then it is a direct limit of its integral subalgebras since any subalgebra of an integral algebra is integral. This settles (C1) for the category of integral algebras. If A is of finite type then we can, using (P2) for the category of algebras, write A as a filtered direct limit of finitely presented algebras B λ with surjective bounding maps. Then B λ is integral for sufficiently large λ. Indeed, this is easily verified after passing to an affine presentation. This shows (P1) for the category of integral algebras.
Remark (4.4). Let X be a stack with the completeness property and let F be a sheaf in one of the categories referred to above. If U is a quasi-compact open such that F| U is of finite type (resp. of finite presentation), then F is the direct limit of its finite type subsheaves (resp. a filtered direct limit of finitely presented sheaves) F λ such that F λ | U → F| U is an isomorphism. Indeed, this follows by a similar argument as in the proof that (C1)+(P1) implies (C2) above.
Proposition (4.5). Let X be a quasi-compact and quasi-separated stack with the completeness property and let f : X ′ → X be quasi-affine. Then X ′ has the completeness property.
Proof. Let F be a quasi-coherent O X ′ -module. Since X has the completeness property we can write f * F = lim − →λ G λ as a filtered direct limit of finitely presented O X -modules. As f is quasi-affine, the adjunction homomorphism f * f * F → F is surjective. We thus obtain a surjection lim − →λ f * G λ ։ F so condition (C2*) holds for X ′ and the stack X ′ has the completeness property by Lemma (4.3).
For an affine scheme properties (C1) and (P1) are straight-forward and hence any quasi-affine scheme has the completeness property. More generally, the completeness property has been shown for quasi-compact and quasiseparated schemes by Grothendieck Definition (4.6). An algebraic stack X is pseudo-noetherian if X is quasicompact, quasi-separated and X ′ has the completeness property for any finitely presented morphism X ′ → X of algebraic stacks.
In particular, any noetherian stack is pseudo-noetherian.
Proposition (4.7). Let S be a pseudo-noetherian stack and let X → S be of strict approximation type. Then: (i) There is a factorization of X → S into an affine morphism X → X 0 followed by a finitely presented morphism X 0 → S. (ii) X is pseudo-noetherian. In particular, stacks of strict approximation type (e.g., quasi-affine schemes) are pseudo-noetherian.
Proof. It is enough to prove (i) when there is a factorization X → Y → S such that X → Y is finitely presented and Y → S is affine. Since S has the completeness property, we can write Y = lim ← −λ Y λ where Y λ → S are finitely presented and affine morphisms. For sufficiently large λ, there is a morphism X λ → Y λ of finite presentation between algebraic stacks such that X = X λ × Y λ Y . This follows from Proposition (B.2). The requested factorization is given by letting X 0 = X λ since X → X λ is affine and X λ → Y λ → S is of finite presentation.
(ii) Let X ′ → X be of finite presentation. We have to show that X ′ has the completeness property. As X ′ → X → S is of strict approximation type we have a factorization X ′ → X ′ 0 → S consisting of an affine morphism followed by a finitely presented morphism. It follows from Proposition (4.5) that X ′ has the completeness property since X ′ 0 has the completeness property by definition.
The last statement follows from the fact that Spec(Z) is pseudo-noetherian.
The proof of the following result is inspired by a similar argument due to P. Gross.
Lemma (4.8).
Let X be a quasi-compact and quasi-separated stack and let p : X ′ → X be finite and faithfully flat of finite presentation. If X ′ has the completeness property, then so has X. It follows that X is pseudo-noetherian if and only if X ′ is pseudo-noetherian.
Proof. Assume that X ′ has the completeness property. By Lemma (4.3) it is enough to show that (C2*) holds for X. Let F be a quasi-coherent
Moreover, the adjunction homomorphism p * p ! F → F is surjective since p is faithfully flat. Write p ! F as a filtered direct limit of finitely presented O X ′ -modules G λ . Then lim − →λ p * G λ = p * p ! F → F is surjective and (C2*) holds for X.
For our immediate purposes we only need Lemma (4.8) for finiteétale coverings in which case p ! = p −1 .
We now come to the step that involvesétale neighborhoods. The method is inspired by Raynaud and Gruson's proof of property (C1) for quasicompact and quasi-separated algebraic spaces [RG71, Prop. 5.7.8].
Lemma (4.9). Let X be a quasi-compact and quasi-separated stack, let U ⊆ X be a quasi-compact open substack and let p : X ′ → X be a finitely presented etale neighborhood of X \ U . If X ′ and U have the completeness property, then so has X. In particular, if X ′ and U are pseudo-noetherian, then so is X.
Proof. Let U ′ = p −1 (U ). By Lemma (4.3) it is enough to show that (C1) and (P1) hold for X.
We begin with (C1). Let F be a quasi-coherent sheaf on X. As X ′ has property (C1), we have that p * F is the direct limit of its subsheaves of finite type. It is thus enough to show that if G ′ ⊆ p * F is of finite type, then there exists H ⊆ F of finite type such that G ′ ⊆ p * H. As U has property (C1), there is a subsheaf H U ⊆ F| U of finite type on U such that
from property (C1) on X ′ that there exists a subsheaf H ′ ⊆ G ′ of finite type containing G ′ and restricting to (p| U ) * H U over U ′ . By Theorem (3.2), there is a subsheaf H ⊆ F of finite type with isomorphisms H| U ∼ = H U and p * H ∼ = H ′ . This settles property (C1).
We continue with property (P1). Let F be a quasi-coherent sheaf on X of finite type. As U has property (P2), we can write F| U as a direct limit lim − → P U,λ of finitely presented sheaves on U with surjective bounding maps. As X ′ has property (P1), there is a finitely presented sheaf Q ′ on X ′ and a surjection Q ′ ։ p * F. For sufficiently large λ we have a factorization
cf. pf. of [EGA IV , Thm. 8.5.2]. Moreover, after increasing λ we may assume that the homomorphism
This is a finitely presented sheaf on X ′ with a surjection onto p * F such that P ′ | U ′ = (p| U ) * P U,λ . By Theorem (3.2), there is a finitely presented O X -module P and a surjection P ։ F which restricts to P U,λ ։ F| U and P ′ ։ p * F over U and X ′ .
Proposition (4.10). Let X be a quasi-compact and quasi-separated stack and let p : X ′ → X beétale, representable, surjective and of finite presentation. Then X is pseudo-noetherian if and only if X ′ is pseudo-noetherian.
Proof. The condition is necessary by definition. To show that it is sufficient, let C ⊆ E = Stack fp,ét/X be the full subcategory with objectsétale and finitely presented morphisms Y → X such that Y is pseudo-noetherian. By the definition of pseudo-noetherian stack, the category C satisfies condition (D1) of Theorem (3.5). That C satisfies conditions (D2) and (D3) follows from Lemmas (4.8) and (4.9). Since X ′ ∈ C we can thus conclude from Theorem (3.5) that X ∈ C, i.e., that X is pseudo-noetherian.
Corollary (4.11). Every quasi-compact and quasi-separated Deligne-Mumford stack is pseudo-noetherian.
Finally, we prove Theorem A, that is, that every stack of approximation type is pseudo-noetherian.
Theorem (4.12). Let X be a pseudo-noetherian stack and let X ′ → X be of approximation type. Then X ′ is pseudo-noetherian. In particular, stacks of approximation type are pseudo-noetherian.
Proof. As X ′ → X is of approximation type, there is a surjective representable and finitely presentedétale morphism X ′′ → X ′ such that X ′′ → X is of strict approximation type. By Proposition (4.7) we have that X ′′ is pseudo-noetherian and it follows that X ′ is pseudo-noetherian by Proposition (4.10). The last statement follows from the fact that Spec(Z) is pseudonoetherian.
Finite coverings of stacks
In this section we prove Theorem B, that is, that every quasi-compact stack X with quasi-finite and separated diagonal admits a finite surjective morphism of finite presentation from a scheme Z which is flat over a dense quasi-compact open subset U ⊆ X. Furthermore, if X is Deligne-Mumford, then there is such a Z which isétale over U .
Lemma (
Proof of Theorem B. Let π : X ′ → X be a separated and quasi-finite flat (resp. separated and quasi-compactétale) presentation, as exists by [Ryd10a, Thm. 7.1]. The separable fiber rank of π is constructible and lower semicontinuous [EGA IV , Cor. 9.7.9, Prop. 15.5.9]. There is thus a quasi-compact open dense subset U ⊆ X such that the separable rank is locally constant on U . Let U = U 1 ∐ U 2 ∐ · · · ∐ U n be the decomposition into open and closed substacks such that π has constant separable fiber rank d over U d . The theorem follows if we construct a scheme Z d and a finite and finitely presented morphism Z d → X which is flat (resp.étale) over U d and has image U d .
To simplify notation, put U = U d and let
be the open subscheme given by the complement of the union of all diagonals. The structure morphism V → U is quasi-finite, flat, finitely presented and separated with fibers of separable rank d!. It follows that V → U is finite [EGA IV , Prop. 15.5.9]. If π isétale, then V → U is alsoétale. Let p : W → X be the normalization of X in V . Then p is surjective and integral, the restriction p| U : V → U is flat and of finite presentation (resp.étale) and p(W ) = U . We will now show that W is a scheme.
Let
an open immersion by Lemma (5.1). In particular, we have that W = i Y i is a scheme. The morphism p : W → X is integral and surjective and the restriction p| U : V → U is finite, flat and finitely presented (resp.étale). The final step is to approximate p with a finitely presented morphism p λ : W λ → X such that W λ is a scheme.
Let A = p * O W . We now use that X has the completeness property (Theorem A) and write A as a direct limit of finite and finitely presented algebras 
Properties stable under approximation
Let X = lim ← −λ X λ be an inverse limit of finitely presented stacks over S. In this section we prove Theorem C which states that if X → S has a certain property P then so has X λ → S for sufficiently large λ. This result is more elementary than the previous theorems and essentially independent of these. In fact, we only use the previous results when P is either "separated" or "proper with finite diagonal". Most of the properties is deduced by passing to the diagonal via the following lemma:
Lemma (6.1). Let S be a quasi-compact algebraic stack and let X = lim ← −λ∈L X λ be a limit of finitely presented S-stacks.
(i) The morphisms g λ : X × X λ X → X × S X are representable and of finite presentation. For every µ ≥ λ the morphism g µλ :
Proof. The morphism X × X λ X → X × S X is a pull-back of the diagonal ∆ X λ /S and hence representable and of finite presentation. The bounding map g µλ is a pull-back of the diagonal of the affine morphism X µ → X λ .
Let L be the limit stack of the inverse system {g λ }. By the universal property of the inverse limit L, the diagonals X ֒→ X × X λ X factors through L and the resulting map X → L is a monomorphism. Similarly, by the universal property of X, the two projections π 1 , π 2 : L → X × X λ X → X coincide. It follows that L → X × X λ X factors through ∆ X/X λ and hence that L = X. Proposition (6.2) ([TT90, Prop. C.6]). Let S be a quasi-compact algebraic stack and let X = lim ← −λ∈L X λ be a limit of finitely presented S-stacks. If X → S is affine (resp. quasi-affine), then there is an index α such that X λ → S is affine (resp. quasi-affine) for every λ ≥ α.
Proof. We will first show the proposition under the assumption that the morphisms X λ → S have separated diagonals.
The question is local on S in the fppf topology, so we can assume that S is an affine scheme. Let X = Spec(Γ(O X )) be the affine hull of X so that X → X is a quasi-compact open immersion (X = X if X is affine). Since S is affine, we can write X as an inverse limit lim ← −µ∈M X ′ µ of finitely presented affine S-schemes. By Remark (B.4), there is an index µ 0 and an open quasi-compact subset X ′ µ 0 ⊆ X ′ µ 0 with inverse image X in X. We let
µ becomes a limit of finitely presented affine (resp. quasi-affine) S-schemes.
Let α 0 ∈ L be an index. By the functorial characterization of finitely presented morphisms, Proposition (B.1), there are indices α ∈ L and β ∈ M and morphisms X α → X ′ β → X α 0 and after increasing α, we can assume that the composition coincides with the bounding map of the system (X λ ) and hence is affine. As X ′ β is affine (resp. quasi-affine) and X α 0 has separated diagonal, we have that X ′ β → X α 0 is separated. It follows that X α → X ′ β is affine and hence that X λ is affine (resp. quasi-affine) for every λ ≥ α.
For general X λ , we first apply the proposition to the inverse system of representable morphisms (g λ ) in Lemma (6.1) and deduce that for sufficiently large λ, the diagonal ∆ X λ /S is affine so that the special case applies.
Proposition (6.3). Let S be a quasi-compact algebraic stack and let X = lim ← −λ X λ be an inverse limit of finitely presented S-stacks such that X µ → X λ is a closed immersion for every µ ≥ λ. If X → S has one of the following properties:
(i) a monomorphism, (ii) universally injective (i.e., "radiciel"),
then there exists α such that X λ → S has the same property for all λ ≥ α. If in addition the X λ 's and X are S-group schemes such that X µ ֒→ X λ is a subgroup for every µ ≥ λ, then the same conclusion holds for the properties:
(ix) abelian fibers, (x) quasi-finite with linearly reductive fibers.
Proof. As the properties are local in the fppf topology and S is quasicompact, we can assume that S is an affine scheme. Note that X ֒→ X λ are closed immersions for every λ so that X → S is of finite type. It follows from Lemma (A.1) that properties (i)-(v) can be checked on fibers. Let P be one of these five properties or one of the properties (ix)-(x) for group schemes. We let U λ ⊆ S be the set of points s ∈ S such that (X λ ) s → Spec(k(s)) has property P . Then U λ ⊆ S is constructible by Propositions (A.3) and (A.4).
As a closed immersion has property P , it follows that U λ ⊆ U µ if λ ≤ µ. If s ∈ S is any point, then as X s → Spec(k(s)) is of finite type, we have that X s = (X λ ) s for sufficiently large λ. It thus follows that S = U λ . As the constructible topology is quasi-compact, it follows that U λ = S for sufficiently large λ. This completes the demonstration of properties (i)-(v) and (ix)-(x). Now assume that X → S is a closed immersion (resp. finite). By Proposition (6.2) we can assume that the maps X λ → S are affine. Let S = Spec(A), X λ = Spec(B λ ) and X = Spec(B). Choose an index λ and generators b 1 , b 2 , . . . , b n ∈ B λ . The image of b i in B lifts to A (resp. satisfies a monic equation with coefficients in A). If a i ∈ A is a lifting, then the images of a i and b i coincides in B µ (resp. the image of b i in B µ satisfies the monic equation) for some µ ≥ λ. As B λ → B µ is surjective it follows that A → B µ is surjective (resp. finite). This settles properties (vii) and (vi).
If X → S is an immersion, then let U ⊆ S be an open subset containing the image of X such that X → U is a closed immersion. As U is ind-constructible, it follows that X λ → S factors through U for sufficiently large λ by [EGA IV , Cor. 8.3.4]. Property (viii) thus follows from property (vii).
Corollary (6.4). Let S be a quasi-compact algebraic stack and let X = lim ← −λ X λ be an inverse limit of finitely presented S-stacks. If the diagonal of X → S has one of the properties:
locally separated; then there exists α such that the diagonal of X λ → S has the same property for all λ ≥ α. In particular, if X/S has one of the properties: representable, representable and separated, representable and locally separated, relatively Deligne-Mumford, etc.; then so has X λ /S.
If the inertia of X → S has one of the properties: (xi) finite, (xii) abelian fibers, (xiii) quasi-finite with linearly reductive fibers; then there exists α such that the inertia of X λ → S has the same property for all λ ≥ α.
Proof. Let P be one of the properties (i)-(viii). By Lemma (6.1), the diagonal X → X × S X is the inverse limit of the finitely presented morphisms X × X λ X → X × S X and the bounding maps X × Xµ X → X × X λ X are closed immersions. It thus follows from Propositions (6.2) and (6.3) that if the diagonal of X/S has property P , then so has X × X λ X → X × S X for sufficiently large λ. As X × S X is the inverse limit of X µ × S X µ , it follows by standard limit results, Proposition (B.3), that that X µ × X λ X µ → X µ × S X µ has property P for sufficiently large µ ≥ λ. As the diagonal X µ → X µ × X λ X µ is a closed immersion, it follows that the diagonal of X µ /S has property P . For properties (ix) and (x) we reason as above using that we have proven the Corollary for properties (v) and (vi).
Let P be one of the properties (xi)-(xiii). The pull-back of the inverse system X × X λ X → X × S X along the diagonal ∆ X/S gives the inverse system I X λ /S × X λ X → X with inverse limit the inertia I X/S → X. As the bounding maps in the first system are closed immersions, we have that the bounding maps in the second system are closed subgroups. It thus follows from Proposition (6.3) that if the inertia I X/S → X has property P then so has I X λ /S × X λ X → X for all sufficiently large λ. By standard limit results, Proposition (B.3), it follows that I X λ /S × X λ X µ → X µ has property P for all sufficiently large µ ≥ λ and, a fortiori, so has I Xµ/S ֒→ I X λ /S × X λ X µ → X µ .
Corollary (6.5). Let S be a quasi-compact algebraic stack and let X = lim ← −λ X λ be an inverse limit of finitely presented S-stacks such that X µ → X λ is a closed immersion for every µ ≥ λ. If X → S is proper with finite diagonal then so is X λ → S for all sufficiently large λ.
Proof. The question is fppf-local on S so we can assume that S is affine. By Corollary (6.4) we can assume that X λ → S has finite diagonal. Then there exists a scheme Z λ and a finite and finitely presented surjective morphism Z λ → X λ by Theorem B. We let Z µ = Z λ × X λ X µ for all µ > λ and Z = Z λ × X λ X. It is then enough to show that Z µ → S is proper for sufficiently large µ ≥ λ.
Since Z λ → S is separated and of finite presentation (and S is affine), there is by Nagata's compactification theorem [Lüt93] a proper morphism Z λ → S and an open immersion Z λ ⊆ Z λ . Then Z → Z λ is a closed immersion and it follows from Proposition (6.3) that Z µ → Z λ is a closed immersion for sufficiently large µ. This shows that Z µ → S is proper.
Corollary (6.6). Let S be a quasi-compact algebraic stack and let X = lim ← −λ X λ be an inverse limit of finitely presented S-stacks. If X → S is separated, then there exists α such that X λ → S is separated for every λ ≥ α.
Proof. Reason as in the proof of Corollary (6.4) using Corollary (6.5).
Proof of Theorem C. This is Propositions (6.2), (6.3) and Corollaries (6.4), (6.5) and (6.6).
Approximation of schemes and stacks
Recall that any stack of approximation type is pseudo-noetherian, Theorem A, and that any stack which is affine over a noetherian stack is pseudonoetherian, Proposition (4.7). Conversely, it is possible that every pseudonoetherian stack is affine over a noetherian stack. Theorem D shows that this is indeed the case for stacks of approximation type. Definition (7.1). Let S be a pseudo-noetherian stack and let X → S be a morphism of stacks. An approximation of X over S is a finitely presented S-stack X 0 together with an affine S-morphism X → X 0 . We say that X/S can be approximated if there exists an approximation of X over S. Let P be a property of morphisms. We say that X/S can be P -approximated if there exists an approximation X 0 → S with property P .
Let S be pseudo-noetherian. Then Proposition (4.7) states that X → S has an approximation if and only if X → S is of strict approximation type. Moreover, if X → S has an approximation X → X 0 → S then X and X 0 are pseudo-noetherian.
The following two propositions are analogues of properties (C1)-(C2) and (P1)-(P2) under the assumption that X/S can be approximated. Proposition (7.2) (Completeness). Let X/S be an algebraic stack which can be approximated. Then (i) X = lim ← −λ X λ such that X λ → S is of finite type and X → X λ is schematically dominant.
(ii) X = lim ← −λ X λ such that X λ → S is of finite presentation.
Proposition (7.3) (Presentation). Let X/S be an algebraic stack of finite type which can be approximated. Then (i) There exists a finitely presented S-stack X 0 together with a closed immersion X ֒→ X 0 over S. (ii) X = lim ← −λ X λ such that X λ → S is of finite presentation and X µ → X λ is a closed immersion for every µ ≥ λ.
Proofs. Let X → X 0 → S be an approximation and apply the completeness properties (C1)-(C2) and (P1)-(P2) on the affine morphism f : X → X 0 (i.e., on the sheaf of O X 0 -algebras f * O X ).
Remark (7.4). If X → S has an approximation and U ⊆ X is a quasicompact open subset, then by standard limit methods, cf. Remark (B.4), there exists an approximation X 0 → S of X and a quasi-compact open subset U 0 ⊆ X 0 such that U = U 0 × X 0 X. We say that (U 0 ⊆ X 0 ) → S is an approximation of (U ⊆ X) → S.
If X → S is affine, then X has a trivial approximation, namely S itself. At first, this hardly appears to be an "approximation" but the crucial point is that we assume that S is pseudo-noetherian. Then the statement that X → S can be approximated implies that X is the inverse limit of finitely presented and affine S-schemes. Proposition (7.5). Let S be a pseudo-noetherian stack. If X is a stack which is affine (resp. quasi-affine) over S, then X can be approximated by a stack which is affine (resp. quasi-affine) over S.
Proof. The affine part is trivial, cf. the preceding discussion. If f : X → S is quasi-affine, let X = Spec S (f * (X)) so that X → X is a quasi-compact open immersion and X → S is affine. By Remark (7.4) there is an approximation (X ⊆ X) → (X 0 ⊆ X 0 ) → S. The morphism X 0 → S is a quasi-affine approximation of X → S.
The following proposition is an analogue of (E2). Proposition (7.6) (Extension). Let X → S be a morphism of pseudonoetherian stacks and let P be a property of morphisms stable under composition with affine morphisms. Let U ⊆ X be a quasi-compact open substack and let U = lim ← −λ U λ be an inverse limit of finitely presented S-stacks. If X → S can be P -approximated, then there exists an index α such that for any λ ≥ α, the approximation U → U λ → S extends to a P -approximation
Proof. By Remark (7.4) there is a P -approximation (U 0 ⊆ X 0 ) → S of (U ⊆ X) → S. As U 0 → S is finitely presented, the morphism U → U 0 lifts to U λ → U 0 for sufficiently large λ by Proposition (B.1). This gives us the
As U → U 0 is affine, we have that U λ → U 0 is affine for sufficiently large λ by Proposition (6.2). By assumption X 0 has the completeness property and we can thus, using (E2), extend the diagram above to a cartesian diagram
Lemma (7.7). Let X → S be a morphism of pseudo-noetherian stacks and let P be a property of morphisms stable under composition with affine morphisms and local on the source in the Zariski-topology. Let X = n i=1 U i be a finite cover by quasi-compact open substacks. If the morphisms U i → S have P -approximations then so has X → S. Proof. We prove the lemma by induction on n. Thus assume that the result is proved for the stack
← −λ U λ as a limit of finitely presented S-schemes with property P and let V λ = U λ × U 0 V 0 . By Proposition (7.6), there is an index λ and a P -approximation (V ⊆ U n ) → (V λ ⊆ U n,λ ) → S extending the approximation V → V λ → S. Let X λ be the gluing of U λ and U n,λ along V λ . Then X → X λ → S is a P -approximation.
The following approximation result generalizes [TT90, Thm. C.9] where the base S is required to be affine and noetherian. Theorem (7.8) (Approximation of schemes). Let S be a pseudo-noetherian stack with quasi-affine diagonal and let X be a quasi-compact and quasiseparated scheme with a morphism to S. Then X has a strongly representable S-approximation, i.e., there exists a finitely presented strongly representable morphism X 0 → S and an affine S-morphism X → X 0 . Proof. Let X = n i=1 U i be a finite affine cover of X. Then U i → S is quasi-affine and thus has a quasi-affine approximation by Proposition (7.5). The theorem follows by Lemma (7.7) taking "strongly representable" as property P .
We will now proceed with theétale devissage necessary to show that morphism of approximation type can be approximated. Lemma (7.9). Let X → S be a morphism of pseudo-noetherian stacks. Let U ⊆ X be a quasi-compact open subset and let p : X ′ → X be a finitely presentedétale neighborhood of Z = X \ U . If U → S and X ′ → S can be approximated, then so can X → S.
Proof. Let U ′ = p −1 (U ). Write U as an inverse limit lim ← −λ U λ . For sufficiently large λ, there exists anétale morphism U ′ λ → U λ of finite presentation such that U ′ λ × U λ U = U ′ . By Proposition (7.6) we can, for sufficiently large λ, extend the approximation By Theorem (3.3) we have that X is the push-out of U ′ ⊆ X ′ and p| U : U ′ → U . Let X λ be the push-out of U ′ λ ⊆ X ′ λ and U ′ λ → U λ . This push-out exists by Theorem (3.4) and the morphism X ′ λ ∐ U λ → X λ isétale and surjective. We have furthermore a 2-cartesian diagram
. It follows that X λ → S is of finite presentation and that X → X λ is affine so that X → X λ → S is an approximation.
Lemma (7.10). Let X → S be a morphism of pseudo-noetherian stacks. Let p : X ′ → X be a representableétale and surjective morphism of finite presentation. If X ′ → S can be approximated, then so can X → S.
Proof. Let C ⊆ E = Stack fp,ét/X be the full subcategory with objectś etale and finitely presented morphisms Y → X such that Y → X → S is of strict approximation type. As S is pseudo-noetherian, we have by Proposition (4.7) that (Y → X) ∈ C if and only if Y → X → S can be approximated. The category C satisfies condition (D1) of Theorem (3.5) by definition. That C satisfies conditions (D2) and (D3) follows from Proposition (2.9) and Lemma (7.9). Since X ′ ∈ C we thus conclude from Theorem (3.5) that X ∈ C, i.e., that X → S can be approximated. Theorem (7.11). Let S be a pseudo-noetherian stack and let f : X → S be a morphism of algebraic stacks. The following are equivalent:
(i) X → S is of approximation type.
(ii) X → S is of strict approximation type.
(iii) X → S has an approximation.
Proof. By definition we have that (iii) =⇒ (ii) =⇒ (i). That (ii) =⇒ (iii) is
Proposition (4.7) and that (i) =⇒ (ii) is Lemma (7.10).
Proposition (7.12). Let S be a pseudo-noetherian stack and let X → Y and Y → S be approximable morphisms of stacks. Let {X λ → Y } λ∈L be an inverse system of finitely presented morphisms with limit X → Y and let {X ′ κ → S} κ∈K be an inverse system of finitely presented morphisms with limit X → Y → S. Let P be a property of morphisms of stacks stable under composition with affine morphisms. If X ′ κ → S has property P for sufficiently large κ then so has X λ → Y → S for sufficiently large λ.
Proof. Let α ∈ L be an index. Since X α → Y is of finite presentation we have that X α → Y → S is of approximation type. Let X α → X α0 → S be an approximation so that X → X α → X α0 is affine.
Since X α0 → S is of finite presentation, there is for sufficiently large κ a factorization X → X ′ κ → X α0 → S by Proposition (B.1). As X → X α0 is affine and X ′ κ → X α0 is of finite presentation we can by Proposition (6.2) assume that X ′ κ → X α0 is affine after further increasing κ. Using that X is the limit of X λ and that X ′ κ → X α0 is of finite presentation, we obtain by Proposition (B.1) for sufficiently large λ a factorization
of affine morphisms. It follows that X λ has property P .
Proof of Theorem D. By Theorem (7.11) there exists an approximation X → X 0 → S. By Propositions (7.2) and (7.3), we can thus write X as an inverse limit of finitely presented S-schemes X λ such that X → X λ is a closed immersion if X → S is of finite type.
If X → S is integral then, since S is pseudo-noetherian, we can arrange so that X λ → S is finite by the completeness property (C2) for the category of integral algebras.
Let P be one of the properties (i)-(xxi). If X → S has P then X λ → S has property P for all sufficiently large λ by Theorem C. Also, if X λ → S has property P then the diagonal of X λ → S has property P . It follows that X → X λ has property P as well.
Assume that S is of approximation type. By Theorem (7.11), the structure morphism S → Spec(Z) and the composition X → S → Spec(Z) have approximations. Let P be one of the properties (i)-(xiv) so that P is stable under composition with affine morphisms. If X → Spec(Z) has property P , then by Theorem C there is an approximation X → X ′ 0 → Spec(Z) such that X ′ 0 → Spec(Z) has property P . If X is a scheme, then by Theorem (7.8), we can also arrange so that X ′ 0 is a scheme. If X → Spec(Z) has property P (resp. X is a scheme) it then follows by Proposition (7.12), that X λ → S → Spec(Z) has property P (resp. X λ is a scheme) for sufficiently large λ.
Applications
The first application is a generalization of Chevalley's affineness theorem to non-noetherian schemes and algebraic spaces. Also, we replace finite morphisms by integral morphisms. Partial generalizations of this type for Theorem (8.1) (Chevalley). Let S be an algebraic space, let X → S be an affine morphism, let Y → S be a morphism of algebraic spaces and let f : X → Y be an integral and surjective S-morphism. Then Y → S is affine.
Proof. Taking anétale cover, we can assume that S is affine and hence that X is affine. We can also replace S with Spec(Z). As X is quasi-compact and f is surjective it follows that Y is quasi-compact. As f is universally closed and surjective and X is separated, it also follows that Y is separated.
By Theorem D, the morphism f : X → Y has an approximation X → X 0 → Y where X 0 → Y is finite and finitely presented and X 0 is affine. Replacing X with X 0 , we can thus assume that f is finitely presented.
By Theorem D, we can write Y as an inverse limit of noetherian algebraic spaces (Y λ ) λ such that Y → Y λ is affine for every λ. Since f is finitely presented, there is by standard limit methods, for sufficiently large λ, a finite surjective morphism f λ : X λ → Y λ which pull-backs to f : X → Y , cf. Appendix B. After increasing λ further, we can also assume that X λ is affine by Theorem C. By Chevalley's theorem for finite morphisms between noetherian algebraic spaces [Knu71, Thm. III.4.1] it now follows that Y λ is affine and hence that Y is affine.
Corollary (8.2).
Let X be an algebraic space. If X red is an affine scheme (resp. a scheme) then so is X.
Proof.
Taking an open covering, we can assume that X red is an affine scheme. Then as X red ֒→ X is finite and surjective, it follows by Chevalley's theorem that X is an affine scheme.
Theorem (8.3). Let X and S be quasi-compact stacks with quasi-finite and separated diagonals. Let f : X → S be a universally closed, separated and quasi-compact morphism. Then f factors through an integral surjective morphism X → X ′ followed by a proper morphism X ′ → S with finite diagonal.
Proof. By Theorem D there is an approximation X → X 0 → S where X → X 0 is affine and X 0 → S is of finite presentation with finite diagonal. It follows that X → X 0 is universally closed and thus integral [EGA IV , Prop. 18.12.8]. Let X ′ ֒→ X 0 be the schematic image of X → X 0 . Then X → X ′ is surjective and X ′ → S is universally closed, hence proper.
As an amusing corollary, we see that the finiteness assumption in Chevalley's theorem on the fiber dimension can be removed.
Corollary (8.4) (Chevalley). Let S be an algebraic stack and let f : X → S be a universally closed, separated and quasi-compact morphism with finite diagonal. The fibers of f are finite-dimensional and the function s → dim(f −1 (s)) is upper semi-continuous.
Proof. This follows from Theorem (8.3), Theorem B and the case when f is proper and strongly representable [EGA IV , Cor. 13.1.5].
The following theorem settles a question of Grothendieck [EGA IV , Rem. 18.12.9]. This was also the original motivation for this paper.
Theorem (8.5). Let f : X → S be a morphism of algebraic spaces. Then f is integral if and only if f is universally closed, separated and has affine fibers.
Proof. Taking anétale presentation, we can assume that S is affine. The necessity follows from [EGA II , Cor. 6.1.10] so assume that f is universally closed, separated and has affine fibers. As the fibers of f are quasi-compact and f is closed, we have that f is quasi-compact. Thus by Theorem (8.3) there is a factorization of f into an integral surjective morphism X → X ′ followed by a proper surjective morphism X ′ → S. Chevalley's theorem (8.1) then shows that the fibers of X ′ → S are affine and hence finite. Theorem (8.6) (Zariski's Main Theorem). Let S be an algebraic stack and let f : X → S be a representable quasi-finite and separated morphism. Then (i) There is a factorization X → X ′ → S of f where X → X ′ is an open immersion and X ′ → S is integral. (ii) If S is pseudo-noetherian (or at least has the completeness property), then there exists a factorization as above with X ′ → S finite. If in addition f is of finite presentation, we can choose X ′ → S to be of finite presentation. Note that (ii) is satisfied if S is noetherian or of approximation type, e.g., quasi-compact with quasi-finite and locally separated diagonal.
Let X ′ be the spectrum of A. This gives a factorization X → X ′ → S where the first morphism is quasi-finite, representable, separated, schematically dominant and integrally closed and the second morphism is integral. It follows that X → X ′ is an open immersion by Lemma (5.1).
(ii) Write X ′ = lim ← −λ X ′ λ as a limit of finite and finitely presented morphisms X ′ λ → S. For sufficiently large λ, there exists by Remark (B.
As f is of finite type so is X → X λ and thus we have that X → X λ is finite. If f is of finite presentation, then so is X → X λ . Since X ′ λ has the completeness property, it has the extension property (E2) for the category of integral algebras. This gives the existence of a cartesian diagram
where X ′′ → X ′ λ is finite (resp. finite and of finite presentation). The requested factorization is X → X ′′ → S.
Theorem (8.7) (Serre's criterion). Let S be a quasi-compact algebraic stack with quasi-finite and separated diagonal and let f : X → S be a representable quasi-compact and quasi-separated morphism. Then f is affine if and only if f * : QCoh(X) → QCoh(S) is exact (and if and only if f * is faithfully exact). Proof. If f is affine, then f * is faithfully exact. Indeed, this can be checked on a presentation g : S ′ → S since g * is faithfully exact. Conversely assume that f * is exact. Let g : S ′ → S be a finite surjective morphism with S ′ a scheme as in Theorem B and let f ′ : X ′ → S ′ be the pull-back of f . Then since g * is faithfully exact it follows that f ′ * is exact. Let h : X ′′ → X ′ be a finite surjective morphism with X ′ a scheme, cf. Theorem B. Then f ′ * h * is exact and it follows from Serre's criterion for Theorem (8.8) (Chow's lemma). Let S be a quasi-compact and quasiseparated algebraic space, let X be a quasi-compact stack with quasi-finite and separated diagonal and let f : X → S be a morphism of finite presentation. Then there exists a commutative diagram
of finitely presented morphisms such that π is projective, p is proper and surjective and g is representable andétale (but not necessarily separated). If f is separated, then g can be chosen to be an open immersion (so that π • g is quasi-projective).
Proof. By the approximation theorem, we can assume that S is noetherian. Replacing X with a finite cover as in Theorem B, we can assume that X is a scheme. The result then follows from [RG71, Cor. 5.7.13].
We have the following variant of the previous result which is more in the spirit of the usual Chow's lemma for schemes. In this statement we can also drop the finite presentation hypothesis.
Theorem (8.9) (Chow's lemma). Let S be a quasi-compact and quasiseparated algebraic space, let X be a quasi-compact stack with quasi-finite and separated diagonal and a finite number of irreducible components. Let f : X → S be a morphism of finite type. Then there exists a commutative diagram X
o o such that π is projective, p is proper and surjective, g isétale, and p is finite, flat and finitely presented over an open dense subset U ⊆ X. Moreover, if f is separated then g can be chosen as an open immersion and if X is Deligne-Mumford then p| U can be taken to beétale. Proof. Replacing X with a finite genericallyétale (resp. generically flat) cover as in Theorem B, we can assume that X is an algebraic space. The result then follows from [RG71, Cor. 5.7.13].
We have the following finitely presented version of Raynaud-Gruson's blow-up theorem:
Theorem (8.10) (Raynaud-Gruson). Let S be a quasi-compact and quasiseparated algebraic space. Let f : X → S be a finitely presented morphism and F a finitely presented O X -module. Let U ⊆ S be an open quasi-compact subset such that F| f −1 (U ) is flat over S. Then there exists a proper and finitely presented morphism S → S (not necessarily a blow-up) such that S| U → S| U is an isomorphism and the strict transform F on X × S S is finitely presented and flat over S. Proof. Follows immediately from [RG71, Thm. 5.7.9] after passing to the noetherian case via Theorem D.
The following theorem partly generalizes Proposition (B.3) from finitely presented morphisms to quasi-separated morphisms of finite type.
Theorem (8.11). Let S 0 be a quasi-compact algebraic stack and let S = lim ← −λ S λ be an inverse system of stacks that are affine over S 0 . Let α be an index and let f α : X α → S α be a quasi-separated morphism of finite type. For every λ > α, let f λ : X λ → S λ (resp. f : X → S) be the base change of f α along S λ → S α (resp. S → S α ). Let P be one of the following properties of a morphism:
proper with finite diagonal, (ix) affine, (x) quasi-affine, (xi) finite, (xii) quasi-finite with locally separated diagonal, Then f (resp. ∆ f ) has property P if and only if f λ (resp. ∆ f λ ) has property P for all sufficiently large λ's. Proof. The question is local on S 0 so we can assume that S 0 is affine. Note that by assumption the diagonal ∆ f λ is of finite presentation for every λ. We deduce the theorem for property (vii) separated, from Proposition (B.3) applied to ∆ f λ . All other properties imply that the diagonal is quasi-finite and locally separated. We can thus apply Proposition (B.3) to deduce that for sufficiently large λ, we have that f λ has quasi-finite and locally separated diagonal. After increasing α we can thus assume that X α is of global type and hence can be approximated.
By Theorem D we can write X α = lim ← −µ X αµ as an inverse limit of finitely presented morphisms X αµ → S α with bounding maps closed immersions. Then X = lim ← −µ X µ where X µ = X αµ × Sα S. By Theorem C it follows that X µ → S has property P for sufficiently large µ. We then apply Proposition (B.3) to X αµ → S α and deduce that X λµ → S λ has property P for sufficiently large λ where X λµ = X αµ × Sα S λ . As property P is stable under composition with closed immersions, it follows that f λ has property P . Proposition (8.12). Let Y be a pseudo-noetherian stack and let f : X → Y be a morphism of approximation type (e.g., let X and Y be stacks of global type). Then f is of constructible finite type if and only if f can be factored as a nil-immersion X ֒→ X ′ followed by a finitely presented morphism X ′ → Y .
Proof. As nil-immersions and finitely presented morphisms are of constructible finite type the condition is sufficient. To see that it is necessary write X = lim ← −λ X λ as an inverse limit of finitely presented morphisms X λ → Y with closed immersions as bounding maps. By assumption X ֒→ X λ is of constructible finite type so that |X| ⊆ |X λ | is constructible. It follows that X ֒→ X λ is bijective for sufficiently large λ by [EGA IV , Cor. 8.3.5].
Appendix A. Constructible properties
In this appendix we extend standard results on constructible properties for schemes to algebraic stacks. We also show that if G → S is a group scheme, then the locus of S where the fibers are abelian (resp. finite and linearly reductive) is open.
Lemma (A.1). Let Y be an algebraic space. Let f : X → Y be a morphism between algebraic stacks, locally of finite type. Then (i) f is representable if and only if f y is representable for every y ∈ Y .
(ii) f is a monomorphism if and only if f y is a monomorphism for every y ∈ Y (i.e., X y is either empty or k(y)-isomorphic to Spec(k(y)) for every y ∈ Y ). (iii) f is unramified if and only if f y is unramified for every y ∈ Y .
The necessity of (i) and (ii) is clear. We begin with showing the sufficiency of (ii) under the additional assumption that f is representable. If f y is a monomorphism for every y ∈ Y , then f is unramified by (iii) and in particular ∆ f is an open immersion. As f is universally injective we have that ∆ f is bijective and hence an isomorphism, i.e., f is a monomorphism. Now assume that f y is representable for every y ∈ Y . Then (∆ X/Y ) y is a monomorphism for every y ∈ Y and hence ∆ X/Y is a monomorphism by the special case of (ii). This shows that f is representable. The general case of (ii) now follows from (i) and the special case of (ii).
The following lemma generalizes [EGA IV , Prop. 9.2.6.1] to non-representable morphisms.
Lemma (A.2). Let S be an algebraic space and let X be an algebraic stack of finite presentation over S. The function |S| → Z defined by s → dim X s is constructible.
Proof. Let f : X → S denote the structure morphism. Let x : Spec(k) → X be a point and let s = f • x. The dimension dim x X s only depends on the image of the point x in the topological space |X|. This gives a function dim X/S : |X| → Z. Let p : U → X be a smooth presentation. Then dim U/S : |U | → N is constructible [EGA IV , Prop. 9.9.1] (and upper semicontinuous) and dim U/X : |U | → N is locally constant. Thus dim X/S •|p| = dim U/S − dim U/X is a constructible (and upper semi-continuous) function.
Proposition (A.3). Let S be an algebraic space and let f : X → Y be a morphism between algebraic stacks of finite presentation over S. Let P be one of the following properties of a morphism:
Then the set of s ∈ S such that f s : X s → Y s has P is constructible.
Proof. The question is local on S so we can assume that S is affine. We may also replace Y with a presentation and assume that Y is affine. When f is strongly representable the proposition holds by [EGA IV , Props. 9.6.1, 11.2.8 and 17.7.11]. If f is representable, then let X ′ → X be anétale presentation with X ′ a scheme. The corresponding result for X ′ → S implies the result for f and all properties with the exception of (i) monomorphism, (ii) universally injective and (iv) isomorphism. The locus where f is a monomorphism (resp. universally injective) coincides with the locus where ∆ f is an isomorphism (resp. surjective) and this is constructible (since ∆ f is strongly representable). This settles properties (i) and (ii). Finally f is an isomorphism if and only if f is a surjectiveétale monomorphism which shows that property (iv) is constructible.
For general f , we can now deduce that the proposition holds for the properties: (i) monomorphism, (ii) universally injective, (v) representable, (vi) unramified and (x) quasi-finite diagonal; by considering the corresponding properties for the diagonal: (iv) isomorphism, (iii) surjective, (i) monomorphism, (viii)étale, and (ix) quasi-finite. Properties (iii) surjective and (vii) flat, follow by taking a presentation X ′ → X. Property (viii)étale is the conjunction of properties (vi) unramified and (vii) flat. As before property (iv) isomorphism, is the conjunction of properties (i), (iii) and (viii).
Property (ix) quasi-finite can be checked on fibers and we can thus, by Chevalley's Theorem [EGA I , Thm. 7.1.4], assume that S = Y . The set in question is then the set where the fibers of f and ∆ f both have dimension zero. This set is constructible by Lemma (A.2).
Proposition (A.4). Let S be an algebraic space and let G be an S-group space of finite presentation (i.e., a group object in the category of algebraic spaces). The set of points s ∈ S such that G s is abelian (resp. finite and linearly reductive) is constructible.
Proof. The question is local on S so we can assume that S is a scheme. Let G act on G by conjugation and let ρ : G × S G → G be the corresponding morphism, pointwise given by (g, h) → ghg −1 . As the diagonal ∆ : G → G × S G is of finite presentation, the subset Z of G × S G where ρ = π 2 is constructible. As the structure morphism p : G × S G → S is of finite presentation, it follows that the subset W = S \ p(G × S G \ Z), of points s ∈ S such that G s is abelian, is constructible.
For a group scheme H → Spec(k), we let E(H, k) be the property that H → Spec(k) is finite and linearly reductive, or equivalently that H → Spec(k) is locally well-split [AOV08, Prop. 2.10]. This property is stable under field extensions k ′ /k. Let E be the set of points s ∈ S such that E(G s , k(s)) holds. We have to show that E is constructible. By [EGA IV , Prop. 9.2.3], it is enough to show that if S is an integral noetherian scheme, then there is an open dense subset U ⊆ S that is contained in either E or S \ E.
To show this we can replace S with an open dense subset such that G → S becomes flat [EGA IV , Thm. 11.1.1]. Moreover, as the property of having finite fibers is constructible, we can assume that G → S is quasi-finite. After replacing S with an open dense subset, we can assume that G → S is finite. Then E is open by [AOV08, Lem. 2.13] and thus either E is dense or empty.
Appendix B. Standard limit results
In this appendix, we generalize the standard limit methods for schemes in [EGA IV , §8] to algebraic stacks. This has been done in [LMB00, Props. 4.15, 4.18] (also see [Ols06, Prop. 2.2]) for algebraic stacks over inverse systems of affine schemes. In this appendix we allow inverse system of algebraic stacks. As elsewhere, we do not insist that the diagonal of an algebraic stack is separated. All inverse systems are assumed to be filtered and have affine bounding maps so that their inverse limits exist in the category of algebraic stacks.
We begin with the functorial characterization of morphisms that are locally of finite presentation, cf. [EGA IV , Prop. 8.14.2].
Proposition (B.1). Let f : Y → S be a morphism of algebraic stacks. The following are equivalent:
(i) f is locally of finite presentation.
(ii) For every inverse limit {g λ : X λ → S} of quasi-compact and quasiseparated stacks X λ with limit g : X → S the functor
is an equivalence of categories. (iii) As (ii) but with X λ affine for every λ.
Proof. Clearly (ii) =⇒ (iii). That (i) ⇐⇒ (iii) is [LMB00, Prop. 4.15 (i)]. Let us show that (iii) =⇒ (ii) which essentially is the proof of [LMB00, Prop. 4.18 (i)]. After making the base change X λ → S for some λ, we can assume that the X λ 's are affine over S. Let U 0 → S be a presentation and let U λ = U 0 × S X λ so that U λ → X λ is a presentation. Let (U λ /X λ ) i = U λ × X λ · · · × X λ U λ denote the i th fiber product. The category Hom S (X λ , Y ) is equivalent to the category given by the cosimplicial diagram of categories
(cf. loc. cit.) and this construction commutes with filtered limits. It is therefore enough to show the proposition after replacing X λ with (U λ /X λ ) i for i = 1, 2, 3.
First assume that S is a separated algebraic space, and choose a presentation U 0 → S with U 0 affine. Then the fiber products (U λ /X λ ) i are affine for i = 1, 2, 3 and we are done in this case. Then assume that S is an algebraic space. Then (U λ /X λ ) i are separated algebraic spaces and this case follows from the previous. Finally assume that S is a general algebraic stack. Then (U λ /X λ ) i are algebraic spaces and this settles the final case.
Proposition (B.2). Let S 0 be an algebraic stack and let S = lim ← −λ S λ be an inverse limit of stacks that are affine over S 0 .
(i) Let X 0 → S 0 and Y 0 → S 0 be morphisms of stacks and let is an equivalence of categories.
(ii) Suppose that S 0 is quasi-compact and quasi-separated. Let X → S be a morphism of finite presentation. Then there exists an index α, an algebraic stack X α of finite presentation over S α and an Sisomorphism X α × Sα S → X. Then f (resp. ∆ f ) has property P if and only if f λ (resp. ∆ f λ ) has property P for all sufficiently large λ's. If in addition X α → Y α is representable and a group object, then the same conclusion holds for the properties:
(xxii) abelian fibers, (xxiii) quasi-finite with linearly reductive fibers.
Proof. The condition is clearly sufficient. We will prove that it is necessary. We can assume that S 0 = S α = Y α . As the properties are fppf-local on the base, we can further assume that S 0 is an affine scheme. When f α is strongly representable, the proposition is [EGA IV , Thms. 8.10.5, 11.2.6, Prop. 17.7.8] and [Ryd10c, Thms. 6.4 and 6.6].
(viii)-(xii): Properties (viii) surjective, (ix) flat, (x) universally subtrusive, (xi) universally open and (xii) smooth can be checked after replacing X α with a smooth presentation.
(i)-(vii), (xiii)-(xv): Assume that the proposition has been proven when f α is representable (resp. strongly representable). Then for general f α (resp. representable f α ), we note that properties: (i) representable, (ii) monomorphism, (vii) universally injective, (xiii) unramified and (xv) locally separated; correspond respectively to the properties: (ii) monomorphism, (iii) isomorphism, (viii) surjective, (xiv)étale and (iv) immersion; of the diagonal which is representable (resp. strongly representable). A monomorphism is strongly representable by [Knu71, Thm. 6.15] and hence properties (iii)-(vi) follows from (ii) and the strongly representable case. Property (xiv) is the conjunction of (ix) and (xiii).
(xvi) and (xvii): Assume that the proposition has been proven when f α is representable (resp. strongly representable). Then for general f α (resp. representable f α ) the proposition holds for property (xvi) separated, by considering the diagonal. Let f be proper. We can then assume that f α is separated. Writing S α as a limit lim ← −β S αβ of noetherian affine schemes, we can by Proposition (B.2) assume that f α is the pull-back of a finitely presented separated morphism X αβ → S αβ . Then by Chow's lemma [Knu71, Ch. IV, Thm. 3.1] and [Ols05] , there exists a scheme Z αβ and a proper surjective morphism Z αβ → X αβ . Let Z α = Z αβ × S αβ S α . It is enough to show that Z λ = Z α × Sα S λ → S λ is proper for sufficiently large λ. Thus, property (xvii) proper, follows from the strongly representable case.
(xviii)-(xx): If f is affine (resp. quasi-affine), then f factors as a closed immersion (resp. immersion) X ֒→ A n S → S. As A n S = A n S 0 × S 0 S, it follows by Proposition (B.2) that for sufficiently large λ there is a factorization X λ → A n S λ → S λ such that X ֒→ A n S is a pull-back of X λ → A n S λ . For sufficiently large λ, the latter morphism is a closed immersion (resp. immersion). If f is finite, then f λ is affine for sufficiently large λ and we can apply the strongly representable case. 
